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Abstract

The e�ect of the aspect ratio on natural convection in water subjected to density inversion has been investigated in this study.

Numerical simulations of the two-dimensional, steady state, incompressible ¯ow in a rectangular enclosure with a variety of aspect

ratios, ranging from 0.125 to 100, have been accomplished using a ®nite element model. Computations cover Rayleigh numbers

from 103 to 106. Results reveal that the aspect ratio, A, the Rayleigh number, Ra, and the density distribution parameter, R, are the

key parameters to determine the heat transfer and ¯uid ¯ow characteristics for density inversion ¯uids in an enclosure. A new

correlation for predicting the maximum mean Nusselt number is proposed in the form of Numax � aÿ b log�A�, with the constants a

and b depending on density distribution number R. It is demonstrated that the aspect ratio has a strong impact on ¯ow patterns and

temperature distributions in rectangular enclosures. The stream function ratio Winv/|Wreg| is introduced to describe quantitatively the

interaction between inversional and regular convection. For R� 0.33, the density inversion enhancement is observed in the regime

near A� 3. Ó 1999 Elsevier Science Inc. All rights reserved.
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1. Introduction

Natural convection in a ¯uid subject to density inversion is
important in many engineering and environmental applica-
tions such as crystal growth, ice forming and melting, atmo-
spheric and oceanic movements. In the last three decades,
numerous studies have focused extensively on convective ¯ows
driven by the density inversion e�ect (Watson, 1972; Seki et al.,
1978; Robillard and Vasseur, 1981; Lin and Nansteel, 1987;
Ivey and Hamblin, 1989; Lankford and Bejan, 1986; Tong and
Koster, 1993, 1994; McDonough and Faghri, 1994; Elkouh
and Baliga, 1995). Of particular interest in density inversion
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Notation

A aspect ratio, A � H=L
a; b constant
g gravitational acceleration
H enclosure height
h heat transfer coe�cient
k thermal conductivity
L enclosure width
Nu Nusselt number, Nu � hL=k
p pressure
P dimensionless pressure
Pr Prandtl number, Pr � m=j
R density distribution number, R � �T0 ÿ Tc�=DT
Ra Rayleigh number, Ra � gc�DT �2L3=�jm�
T temperature
T0 maximum density temperature of water, 3.98°C
DT temperature di�erence, Th ÿ Tc

u velocity vector, u � fu; vg
U dimensionless velocity vector, U � fU ; V g
x coordinate, x � fx; yg
X dimensionless coordinate, X � fX ; Y g

Greek
h dimensionless temperature
j thermal di�usivity

l dynamic viscosity
m kinematic viscosity
q density
q0 maximum density of water at T0� 3.98°C
w stream function
W dimensionless stream function

Sub-
scripts
c cold
h hot
inv inversional convection
max maximum
reg regular convection
sat saturation
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studies is the aspect ratio e�ect on natural convection in
rectangular enclosures. This is because it can provide not only
further details of ¯ow and heat transfer characteristics in such
¯uids, but also a better understanding to physical processes.
Although a large number of studies have been devoted to the
density inversion problems, the aspect ratio e�ect has attracted
far less attention in the past.

Seki et al. (1978) studied the aspect ratio e�ect on heat
transfer in water including the density inversion in¯uence. They
found that for a ®xed Rayleigh number the total heat transport
reaches its maximum in the range of 0:86A6 1:5, according to
density distribution number (which is de®ned in Eq. (1) in this
study), and decreases steeply as A > 1:5. It was shown that for
R � 0:5, Nu approaches unity at A � 14. Ivey and Hamblin
(1989) conducted experiments on low aspect ratio cavities at
high Rayleigh numbers. Experiments for high aspect ratio
cavities were carried out by Lankford and Bejan (1986).

Tong and Koster (1993, 1994) have investigated the aspect
ratio e�ect for both steady state and transient convection.
Under steady-state conditions, ®ve aspect ratios (A� 0.125,
0.25, 0.5, 1, 2) were investigated at R� 0.33 and Ra� 106. The
results have shown that the total heat transfer reaches its
maximum at A� 1. In the transient convection study, a set of
aspect ratios (A� 0.25, 0.5, 1, 2, 4, 10) were tested under
identical thermal and hydraulic conditions. In all cases, Nu
decreases with time and reaches approximately a steady state
for dimensionless time s > 300, at where the heat transfer rate
of A� 1 is the largest.

The present work is concerned with the aspect ratio e�ect
on natural convection in a density inversion ¯uid. The aspect
ratio investigated in this study is varied from 0.125 to 100,
covering a much wider range than those used by previous in-
vestigators.

2. Mathematical formulation

Consider water in a rectangular enclosure with two insu-
lated horizontal walls and two isothermal vertical walls heated
di�erently. The enclosure aspect ratio, A, is de®ned as the ratio
of the enclosure height to the width (A � H=L). By setting the
temperature of the right wall at 0°C and varying the temper-
ature at the left wall at 3.98°C and above, the maximum
density surface occurs inside the water layer. Thus, two distinct
horizontal liquid sublayers, with opposite density gradients,
are formed and separated by this maximum density surface. As
a result, convection can initiate and develop from both hot and
cold walls, referred to as ``regular'' and ``inversional'' con-
vection, respectively (Fig. 1). There is no doubt that in such
concurring buoyancy driven ¯ows the temperature and ¯ow
®elds become more complex in comparison with those in
conventional convection systems. To display the location of
the maximum density surface more conveniently, the density
distribution number, R, is introduced as

R � T0 ÿ Tc

DT
; �1�

where DT is the temperature di�erence across the cavity width
(DT � Th ÿ Tc). Since Tc was set at 0°C in this study, R is in the
range 0 < R6 1. Note that the case R� 1 corresponds to the
circumstance in which the hot wall is at temperature T0 so that
¯uid density increases monotonically with temperature every-
where in the enclosure.

2.1. Density-temperature relationship of water near its maxi-
mum density temperature

It is obvious that the Boussinesq approximation, which is
based on a linear variation of density with respect to temper-

ature, is no longer applicable to density inversion ¯uids. A
parabolic-type relationship has been extensively used to cal-
culate water density near its maximum temperature (Delber,
1966; Goren, 1966)

q
q0

� 1:0ÿ c�T ÿ T0�2; �2�
where c � 8:00026� 10ÿ6 (°C)ÿ2 and q0 is the maximum
density at the temperature T0.

Besides Eq. (2), a number of density-temperature correla-
tions are also available in the literature (Sun et al., 1969; Fujii,
1974; Wagenbreth and Blanke, 1971; Kell and Whalley, 1975;
Gebhart and Mollenderf, 1977). However, the comparison of
calculated density ratio q/q0 has revealed that within the cur-
rent temperature range of interest, 0�C6 T 6 12�C, the relative
di�erences among all these correlations are less than �0.005%.
Due to its concise form, Eq. (2) has been used by many in-
vestigators (e.g., Robillard and Vasseur, 1982; Lankford and
Bejan, 1986; Tong and Koster, 1993, 1994).

2.2. Governing equations

A natural convective ¯ow in a rectangular enclosure is
governed by the continuity, Navier±Stokes, and energy equa-
tions. In a two-dimensional coordinate system, the dimen-
sionless governing equations are written as:

r �U � 0; �3��������
Ra

Pr

r
U � rU� � � ÿrP �r2U�

�������
Ra

Pr

r
h2j; �4�������������

RaPr
p

U � rh� � � r2h; �5�
where j is the vertical unit vector in the positive Y-coordinate.
Eqs. (3)±(5) were nondimensionalized using the following
variables:

X � x

L
; U � u

j
������������
RaPr
p

=L
;

h � T ÿ T0

DT
; P � p

lj
������������
RaPr
p

=L2
;

�6�

Fig. 1. Schmatic diagram of regular and inversional convection in a

density inversion ¯uid.
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where Ra and Pr are the Rayleigh and Prandtl number, re-
spectively

Ra � gc�DT �2L3

jm
; Pr � m

j
: �7�

From Eq. (4), it can be seen that the buoyancy e�ect is char-
acterized by

��������������
Ra=Pr

p
.

The isothermal and adiabatic boundary conditions are set
at the vertical and horizontal walls, respectively. No-slip
boundary conditions are applied to all solid surfaces

U � 0; h � hh at X � 0;

U � 0; h � hc at X � 1;

U � 0;
oh
oY
� 0 at Y � 0; A:

�8�

The e�ect of the aspect ratio on the temperature and convec-
tive ¯ow ®elds will be addressed separately.

3. Numerical methodology

The nonlinear governing Eqs. (3)±(5) were discretized using
a ®nite element based code FIDAP, which is the general pur-
pose code for simulating a wide range of ¯uid ¯ow and heat
transfer problems (Fluid Dynamics International, 1995).

A number of mesh-independence tests were carried out at
A� 0.20, 1, and 30 under R� 0.33. For each aspect ratio, three
nonuniform meshes were applied in the test. The relative dif-
ferences in Nu due to di�erent meshes are found rather small
for all cases (see Table 1). For instance, for A� 30 when the
mesh reduces from 65 ´ 181 to 25 ´ 121 (�70% reduction in
the number of meshes), the maximum relative di�erence is only
1.18%. This indicates that the meshes used in this analysis, as
given in Table 2, are suitable.

The iterative Newton±Raphson method was applied in this
work. The iteration was terminated as the following conver-
gence criteria were satis®ed:

DSik k
Sik k 6 eS ; �9�

Ri�Si�k k
R0k k 6 eF ; �10�

where ||á|| denotes Euclidean norm, Si and R(Si) are the
solution vector and residual vector at iteration i, respec-
tively, eS and eF are small quantities and set to 10ÿ4 in this
study. The combination of these two checks can provide an
e�ective overall convergence criterion for all occurring situ-
ations.

To ensure solution convergence at each load level, the in-
cremental loading strategy was employed in calculations. By
this strategy, the ®rst computation starts at a very low Ray-
leigh number. Then, the solution vectors (temperature, veloc-
ity, etc.) from the ®rst execution are used as the initial guess for
the next Ra number, and the procedure is repeated until a
desired Ra number is reached. Essentially, this incremental
approach can be thought of as a more e�cient way of imple-
menting a Newton-based method. All computations were ex-
ecuted on an HP-9000/315 workstation.

4. Results and discussion

Heat transfer performance is characterized by Nusselt
number, Nu. Under the constant temperature condition, Nu
can be expressed in terms of dimensionless variables

Nu � oh
oX

���� ����
X�0;X�1

: �11�

The mean Nusselt number Nu is a measure of the convec-
tive heat transfer rates across the two vertical surfaces and is
obtained by integrating local Nusselt number Nu along the
enclosure height:

Nu � 1

A

ZA
0

oh
oX

���� ����
X�0;X�1

dY : �12�

From Eq. (12), it can be seen that Nu depends upon aspect
ratio A. The calculated heat transfer and ¯uid ¯ow results
under various R are given in Table 3.

Table 1

Mesh-independence tests at various aspect ratios for R� 0.33a

A Mesh Nu

Ra� 103 Ra� 104 Ra� 105 Ra� 106

0.20 55 ´ 25 1.00000 (0.000) 1.00017 (0.001) 1.01563 (0.006) 1.71719 (0.234)

75 ´ 45 1.00000 (0.000) 1.00016 (0.000) 1.01558 (0.002) 1.71413 (0.065)

95 ´ 65 1.00000 (ÿ) 1.00016 (ÿ) 1.01557 (ÿ) 1.71302 (ÿ)

1.0 25 ´ 25 1.01687 (0.001) 1.58285 (0.101) 3.31907 (0.488) 6.61657 (2.550)

45 ´ 45 1.01686 (0.000) 1.58144 (0.011) 3.30267 (0.009) 6.49159 (0.612)

65 ´ 65 1.01685 (ÿ) 1.58126 (ÿ) 3.30030 (ÿ) 6.45208 (ÿ)

30.0 25 ´ 121 1.00415 (0.065) 1.08486 (0.147) 1.68215 (0.299) 3.02658 (1.179)

45 ´ 151 1.00368 (0.018) 1.08378 (0.047) 1.67866 (0.092) 3.01752 (0.876)

65 ´ 181 1.00350 (ÿ) 1.08327 (ÿ) 1.67713 (ÿ) 2.99130 (ÿ)

a A number in parentheses is the relative di�erence from the ®nest mesh value in percentage (%).

Table 2

Meshes used in the present study

A Mesh A Mesh

0.125 85 ´ 45 1.5 45 ´ 65

0.15 85 ´ 45 2.0 45 ´ 75

0.20 75 ´ 45 3.0 45 ´ 85

0.25 65 ´ 45 4.0 45 ´ 95

0.30 65 ´ 45 6.0 45 ´ 101

0.40 65 ´ 45 10.0 45 ´ 121

0.50 55 ´ 45 15.0 45 ´ 131

0.65 55 ´ 45 30.0 45 ´ 151

0.80 55 ´ 45 50.0 45 ´ 181

1.0 45 ´ 45 100.0 45 ´ 265

1.1 45 ´ 45
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4.1. E�ect of aspect ratio on heat transfer

The variations of Nu versus A are presented in Fig. 2(a)±(c)
for R� 1.0, 0.5 and 0.33, respectively. At very low aspect ratios
(A � 0.1), because of the reduced e�ective buoyancy force,
Nu � 1, indicating that the main heat transfer mode is con-
duction. Increasing A will lead to an increase in Nu until it
reaches its maximum value. Beyond this peak point, a small
increase in A will cause the sharp decrease in Nu due to the
enhanced shear stress e�ect. At very large A, Nu approaches
unity for all Rayleigh numbers.

It is seen that for a given A and Ra, the relationship
NuR�1 > NuR�0:33 > NuR�0:5 always holds. This is because for
R� 1 only a unicellular convective roll cell is generated from
the cold wall. As R decreases to 0.5, the density gradient be-
comes symmetric with respect to the enclosure vertical cen-
terline, two counter rotating cells are formed from both hot
and cold walls. Hence, an additional thermal resistance be-
tween two cells is introduced. For R� 0.33, the roll cell de-
veloped from the hot wall becomes dominant and the second
roll cell shrinks into the right-bottom corner. With a short
interface, the thermal resistance becomes smaller than that in
the R� 0.5 case.

Fig. 2 shows the dependence of Nu on the aspect ratio
under various density distribution numbers. The maximum

mean Nusselt number Numax at each R varies inversely with A,
and can be predicted from the following correlation

Numax � aÿ b log�A�; �13�
where a and b are constants depending on R (Table 4). To ®nd
the possible maximum value of A, Eq. (13) is rewritten as

A � 10�aÿNumax�=b: �14�
A reaches its maximum when Numax � 1 (see Fig. 2), i.e.,

Amax � 10�aÿ1�=b: �15�
This gives the upper bound of A in Eq. (13): for R� 0.5,
Amax � 1; for R� 1 and R� 0.33, Amax becomes 1.7704 and
1.6541, respectively.

One of the interesting results in this study is the aspect ratio
e�ect on the local Nusselt number along vertical walls. The
variations of Nu, as a function of Y/H, are displayed in Fig. 3
for R� 0.33 under di�erent Ra values. For very small aspect
ratios (e.g., A� 0.15), because the primary heat transfer mode
is conduction, Nu � 1 for all Ra. Increasing A to 1, the heat
transfer rate increases remarkably above the wall mid-height in
a re¯ecting S shape. The maximum heat ¯uxes occur approx-
imately at Y/H � 0.9 (see Fig. 3(c), (d)). For A� 1 the Nu
curve becomes more smooth and displays a monotonic be-
havior at the top wall region. The maximum values occur at

Fig. 2. Aspect ratio e�ect on heat transfer: (a) R� 1; (b) R� 0.5; (c) R� 0.33.
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the top of the vertical wall (i.e., Y/H � 1), due to the im-
pingement of the rising plume near this point.

4.2. E�ect of aspect ratio on velocity and ¯ow ®eld

Variations of vertical velocity at Y� 0.5 are presented in
Fig. 4 with R� 0.33, 0.5, and 1. At R� 1, because only uni-
cellular ¯ow exists in the enclosure, the ¯ow patterns are
similar to those in the regular natural convection systems. The
velocity pro®les are shown to be skew-symmetric with respect
to the enclosure centerline (Fig. 4(a)).

For the case of R� 0.5, the maximum density line and the
enclosure centerline coincide. A pair of roll cells is generated
symmetrically in the rectangular enclosure. The velocity pro-
®les show an M shape with two peaks near the vertical walls
and one valley at the centerline (Fig. 4(b)).

As R� 0.33, the maximum density line shifts close to the
cold wall and the convective ¯ow mainly initiates from the hot
wall. It can be observed from Fig. 4(a), while the velocity
pro®le near the hot wall (left) displays similar behavior with
that in Fig. 4(b), it exposes more complex features near the
cold wall (right) due the strong impact of the main convective
¯ow cell.

4.3. E�ect of aspect ratio on interaction between maximum and
minimum stream functions

The convective ¯ow ®elds can be presented in terms of the
stream function, which is de®ned as

u � ow
oy
; v � ÿ ow

ox
: �16�

Fig. 3. Distributions of local Nusselt number along cold vertical walls at R� 0.33: Ra� 103; Ra� 104; Ra� 105; Ra� 106.

Table 4

Constants in Eq. (13)

R a b Amax

0.33 4.5486 16.2362 1.6541

0.50 1.0007 29.1824 1.0001

1.00 5.8133 19.4021 1.7704
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The dimensionless stream function is de®ned as W �
w= j

������������
RaPr
pÿ �

.
The ratio of Winv/|Wreg| is introduced to provide a quanti-

tative description of the interaction between inversional and
regular convection in an enclosure, where Winv and Wreg are
associated with anti-clockwise rotating cells (developed from
the cold wall as inversional convection) and clockwise rotating
cells (developed from the hot wall as regular convection) in this
problem. For the case of R� 1, since only regular convection
exists, Winv/|Wreg| B 0. For symmetric density gradient cases
(i.e., R� 0.5), Winv/|Wreg| B 1.

The variations of Winv/|Wreg| versus A at R� 0.33 and dif-
ferent Ra values are displayed in Fig. 5. For low Ra, Winv/|Wreg|
approaches its local maximum as A ® 0, and decreases
sharply as A ® 1. As A becomes very large, the stream func-
tion ratio approaches a constant. Increasing Ra above 104, a
peak protrudes and develops on the Winv/|Wreg| curve in the
regime near A� 3, indicating inversional convection is greatly
enhanced.

Numerical results show that as Ra > 4� 105 the peak near
A� 3 exceeds those at small A. While the maximum of Winv/
|Wreg| occurs either at small A or A� 3, depending on Ra, the

Fig. 4. Vertical velocity components pro®les at Y� 0.5 for Ra� 106: (a) R� 1; (b) R� 0.5; (c) R� 0.33.

Fig. 5. Aspect ratio e�ect on Winv= Wreg

�� �� for R� 0.33.
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minimum Winv/|Wreg| is seen to appear in the range
0.4 < A < 1, depending on Ra values.

4.4. E�ect of aspect ratio on Nu±Ra behavior

The onset of convection in an enclosure is referred to as
thermal instability. The critical Rayleigh number Rac is de-
®ned as the number at which a convective ¯ow initiates. It is
believed that thermal instability is generally associated with
Rayleigh±B�enard convection. However, it has been found
from this study that thermal instability could be also associ-
ated with natural convection in density inversion ¯uids, espe-
cially for large thermal resistance cases (e.g., R� 0.5, see
Fig. 6(b)).

As seen from Fig. 6, the Nu±Ra behaviors are strongly
a�ected by the aspect ratio A and density distribution pa-
rameter R. The aspect ratio e�ect is seen to be signi®cant for
R� 1 and R� 0.33 but moderate for R� 0.5. The di�erence of
the Nu±Ra behavior between A < 1 and A P 1 can be easily
seen in Fig. 6(a) and (c). For A < 1 Nu increases slowly at low
Ra and steeply at high Ra. By contrast, for A P 1 the Nu±Ra

curves display more smoothly. This may be explained as fol-
lowing: with a very thin water layer (A < 1), the e�ective
buoyancy force is too weak to initiate convective ¯ow and
thus, its corresponding Rac is quite high. In a narrow vertical
enclosure where A� 1, buoyancy force e�ect becomes so
strong that Rac cannot be observed. In all cases, as soon as the
convective ¯ow starts, it will continue to develop with the in-
creasing Ra. For symmetric density gradient cases, Rac gets
rather large, near 104 for most aspect ratios (Fig. 6(b)), re-
¯ecting the large thermal resistance introduced between the
two-roll cell interface.

The computed Nu values from the present work have been
compared with available data in the literature (Table 5).
Though Lin and Nansteel (1987) employed di�erent density-
temperature correlation, the relative di�erence between two
results is less than 0.9%. Reasonably good agreement is ob-
served between experimental (1995) and computational data,
with relative di�erence at 1.14 � 5.18%. It is interesting to
note that even though De Vahl Davis (1983) data were based
on air (Pr� 0.73), the relative di�erence with the present re-
sults is only about 5%.

Fig. 6. Aspect ratio e�ect on Nu±Ra behavior: (a) R� 1; (b) R� 0.5; (c) R� 0.33.
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5. Conclusions

A ®nite element analysis has been performed to evaluate the
aspect ratio e�ect on convective ¯ow and heat transfer in water
subjected to density inversion in rectangular enclosures. Nu-
merical results reveal that the mean Nusselt number Nu ex-
hibits a strong dependence on the aspect ratio A, the Rayleigh
number Ra, and the density distribution parameter R. If the
aspect ratio is very small, the heat transport across a vertical
wall diminishes due to the decrease of the e�ective buoyancy
force. By contrast, for a large aspect ratio the heat transfer rate
also decreases due to the enhanced shear stress e�ect. As A
approaches in®nity, all Nu±A curves asymptotically approach
unity. Based on the numerical results, a new correlation is
developed to predict the maximum mean Nusselt number un-
der di�erent A and R values. The Nu±Ra curves exhibit es-
sentially the di�erent behaviors for A < 1 and A P 1.

The stream function ratio Winv/|Wreg| is used to present the
interaction between regular and inversional convective ¯ows
in an enclosure. For the symmetric density gradient cases
(where R� 0.5), Winv/|Wreg| º 1. For R� 0.33, as Ra is small,
the enhancement of the density inversion e�ect is found to
occur at small A; at large Ra, a peak on the Winv/|Wreg| curves
develops in the regime near A� 3. In such circumstances,
both the density inversing e�ect and regular e�ective buoy-
ancy e�ect determine heat transfer characteristics of convec-
tive ¯ows.
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Table 5

Comparison of Nu between the present study and other investigations (A� 1)

Ra R� 0.5 R� 1

Present study Lin and Nansteel

(1987)

Elkouh and Baliga

(1995)a

Present study Lin and Nansteel

(1987)

De Vahl Davis

(1983)b

103 1.0007 1.0009 1.1186 1.119 1.116

104 1.0655 1.076 2.2739 2.278 2.234

105 2.0298 2.080 4.7143 4.709 4.487

106 4.0272 4.090 4.236 9.2742 9.195 8.811

4.086

a Experimental data.
b For air ¯ow and Pr� 0.73.
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